Abstract. The geometric action of the Steenrod algebra on many mod 2 cohomology spectral sequences is complemented by the action of a completely different algebra.
1. Introduction. The purpose of this paper is to show that many second-quadrant mod 2 cohomology spectral sequences have a so-far unsuspected type of structurethe action of an algebra of "higher divided squares". This action is related in an essential way to the known action of the Steenrod algebra.
In more detail, suppose that A' is a cosimplicial space [2, p. 267] , that is, a collection {X"}n>o of spaces together with maps between them that satisfy the dual of the usual simplicial identities. There is a natural mod 2 second-quadrant cohomology spectral sequence E~p,q (p, q > 0) associated to X which sometimes converges to an identifiable limit. The Eilenberg-Moore spectral sequence [8] , the generalized Eilenberg-Moore spectral sequence [1] , and a few other more exotic spectral sequences can be obtained in this way. Rector [8] and Smith [11] have shown that this spectral sequence admits Steenrod squaring operations Sq': E~p'q -* E~p,q+' which can be nonzero, at E2, for i < q -1 (p > 0). This paper constructs higher divided square operations 8¡: E2p'q -* F2-'-'-2«, 2 < i < p, with the property that if the class x in E2p,q survives to E¡~px,q then d'(8¡x) = Sq,_,+1(x). In this way the higher divided square operations ensure that at Ex the action of the Steenrod algebra is unstable with respect to total degree (which is <7 -/»)• The 5,'s are constructed with the techniques of [4] and satisfy the Cartan formula and Adem relations derived there.
Relationship to earlier work. From a formal or technical point of view this paper develops for second-quadrant spectral sequences the analogue of Singer's theory of Steenrod squares in first-quadrant spectral sequences [9] , [10] . Nevertheless the conclusions of the two theories are opposite to one another. There are too few "vertical" squaring operations in first-quadrant spectral sequences, and Singer constructs "horizontal" squaring operations that make up the deficit. There are too many vertical squaring operations in second-quadrant spectral sequences, and this paper constructs new horizontal operations that conspire with differentials to annihilate the extra vertical classes.
Let A be the category of the finite ordered sets {0, 1, ... , n} (n > 0) and nondecreasing maps [6, p. 4] and let Aop be the opposite category. A mixed simplicial coalgebra is a functor from Aop X A to the category of commutative Z/2-coalgebras. The singular complex of a cosimplicial space gives rise to a mixed simplicial coalgebra in a standard way [10, p. 352] . In order to emphasize the analogy with Singer's constructions most of the work in this paper will be done in the category of mixed simplicial coalgebras; in particular, this involves developing a purely algebraic approach to the geometric theory of Rector and Smith.
I would like to thank the referee for some very helpful comments.
2. Definitions and results. The constituents of a mixed simplicial object X will be written Xp; the upper integer is the cosimplicial index and the lower the simplicial one. In the same vein, d', s' will stand for the "horizontal" coface and codegeneracy operators and d¡, s¡ for the "vertical" face and degeneracy operators. An augmentation for a mixed simplicial object A1 is a simplicial object R together with a simplicial map X: R -h> X° such that d°X = d^: /? -» X\.
Any simplicial Z/2 module R has an associated chain complex CR given by (CR)n = Rn, d = 2?_o df Along the same lines, a mixed simplicial Z/2-module X has an associated double chain complex CX given by (CX)_pq = Xp, with horizontal differential dh = 2f_0 d' and vertical differential dv = 2?_0 d¡. It is sometimes useful to regard CX (with a single subscript) as a singly indexed chain complex with a decreasing filtration F"(CX)n = 2 (CA-)_1> + " d=d"+ d\ >>p
Note that from this point of view (CA")" is not positively graded.
Suppose that A1 is a mixed simplicial Z/2-module. There is an increasingly filtered cochain complex Hom(CA~, Z/2) defined by
The spectral sequence (Er, dr) of X is by definition the spectral sequence of this filtered cochain complex (see §5 and [5, p. 326] ). Note that (Er, dr) is a secondquadrant cohomology spectral sequence with E0~p'q = Hon^A^, Z/2). If X has an augmentation X: R -» X then X defines, in an obvious way, a Z/2-homomorphism A*: H* Hon^CA", Z/2) -h> H* Hom(CÄ, Z/2).
When X* is an isomorphism the cohomology H* Hom(CR, Z/2) is filtered and is the "target" of the spectral sequence (Er, dr). The spectral sequence need not converge, but in any case let p: FpHq~p Hom(CR, Z/2) -+ E"™ be the natural projection. Suppose now that A" is a mixed simplicial coalgebra and that R is a simplicial coalgebra (all coalgebras are commutative coalgebras over Z/2 as in [9] 
Proposition.
Under the above product pairing (Er, dr) is a spectral sequence of differential algebras. The Steenrod squares commute with the differentials.
It follows that there are products and squaring operations on £M.
Suppose that X: Ä -» X is an augmentation and that X* is an isomorphism.
Suppose that u G F Hq~p Hom(CÄ, Z/2) and v G FrHsr Hom(CR, Z/2). Then uv G Fp+rH* Hom(CÄ, Z/2) and p(uv) = p(u)p(v). Moreover Sqku G FpH* Hom(CR, Z/2) and pSqku = Sqkp(u). Remark. The indeterminacy of the operation 8¡ always lies in the kernel of all spectral sequence differentials.
To avoid complicated notation, in the next statement no distinction is made between an element u in E~p'q that survives to Es and its residue class in E~p,q.
Suppose that u G Er p,q (r < p) and that dru = v, with v G E-p + r,g-r+l Then
(a) for r < i < min{2r -2, p -1}, the classes 8¡u and Sqq~'+1u both survive to E¡andd¡8¡u = Sqq~i+1u, (b) if p > 2r, so that 8rv is defined, the classes 82r_x(u) and Sq,-2r+2M + 8rv both survive to E2r_x and The collection {Dk} is a simplicial Eilenberg-Zilber map in the sense of [9] and is constructed in [3] . It is convenient to adopt the convention that Dk = 0 for k < 0.
Suppose now that U = {U'} is a cosimplicial Z/2-module [2, p. 267]. Associated to U is a cochain complex CU given by (CU)n = U",d= 2"^0 d>-If v is another cosimplicial Z/2-module, the "codimensionwise" tensor product U ® V and the graded tensor product CU ® CV are defined in the obvious way. Note that the squaring operations on H* HomiCA', Z/2) satisfy the "instability"
condition Sq*x = 0 if k > dim x, since K£ = 0 if k < 0.
5. The spectral sequence of a mixed simplicial coalgebra. Suppose that A is a mixed simplicial coalgebra. The spectral sequence {E~p'q, dr} of X is defined in the usual way. are filtration doubling, and so can be used to define spectral sequence operations E~p,q-* E~2p'p+q+k of indeterminancy 2r -1. These operations are identically zero unless p = 0. One way to overcome this difficulty and also eliminate the problem of indeterminancy is to deform the maps Sk so that they preserve filtration. This leads directly to the construction of higher divided squares, and to spectral sequence Steenrod operations that are not unstable with respect to total degree.
For If x G Z~p'q (r > 2) represents {x} G E~p'q, define ô,({x» for r < i < p to be the residue class in E~p~i'2q of the element 2*~'(x) G z~p'i;iq. The indeterminacy properties of the operations 8¡ and all of the properties listed in Propositions 2.5 and 2.6 are straightforward consequences of the congruences listed above. It is useful to keep in mind that at F2 the operations 8¡ are linear or at worst quadratic (Proposition 2.7, see §6).
Remark. An operation "5," exists on the F,-level, in the sense that if x G Zx~p,q (p > 0) represents a class {x} G Exp'q which survives to F2, then 2,_1(x) belongs toZ-"-1 '2' and ¿/,{2'7"1(x)} = Sq*{x}.
6. Operations on the F2-tenn. Suppose that X = {Xp} is a mixed simplicial coalgebra. For each p > 0, {Xp} is a simplicial coalgebra; let A(p) denote the corresponding cohomology algebra H* Hom(C(Xp), Z/2). The transposes of the coface and codegeneracy operators of X give the collection A = {A(p)} the structure of a simplicial object in the category of graded commutative Z/2 algebras, and the F2-term of the spectral sequence of X can be computed in terms of the (graded) homotopy groups of A. The proof is finished by separating each of the above equations into its homogeneous parts.
